Introduction
One of the most important areas in financial research is asset allocation. Finance academia has long taken a prescriptive approach, explaining what people should do. Markowitz (1952) showed that investors with preferences defined over the expected return and variance will choose efficient portfolios: those that yield the highest expected return for a given variance. Mean-variance efficiency is consistent with expected utility maximization when the utility function is quadratic or when returns are normally distributed. Since the normal distribution is completely characterized by its mean and variance, Ingersoll (1987) conjectures that all expected utility maximizers who possess an increasing and concave utility function defined over wealth will optimize by choosing efficient portfolios.
Behavioral finance is based on a positive, or descriptive, approach: that is, what people actually do. A large body of empirical evidence, starting with Allais (1953) , reveals that individuals deviate systematically from expected utility maximization in experimental settings. Rabin (2000) shows that expected utility may also deliver implausible theoretical results. If a person equipped with a concave utility function defined over wealth rejects a 50/50 gamble of winning $550 or losing $500, this person must also reject a 50/50 gamble of losing $10,000 or winning $20 million. This follows from the rather extreme curvature of the utility function when it is scaled to wealth.
A family of utility functions that can make sensible predictions about both large and small scale risks is one that displays first-order risk aversion.
1 First-order risk aversion means that a utility function possesses local risk aversion, in contrast to standard preferences that are smooth and locally risk neutral. Here, I will consider one of the best known models within this family, namely prospect theory, developed by Kahneman and Tversky (1979) . The value function in this model has three distinct features: (i) risky outcomes are defined over gains and losses; (ii) there is risk aversion in the domain of gains and risk loving in the domain of losses; and (iii) losses loom larger than gains suggested by a steeper curvature in the domain of losses. The last property is referred to as loss aversion. This paper explores the well-known, one-period asset allocation problem under the assumptions that preferences are specified by prospect theory and returns are normally distributed. The last assumption enables us to derive useful properties of the indifference curves, which are found to be linear in mean-standard deviation space in two special cases: (i) when the prospective utility is zero, and (ii) at the asymptote of an indifference curve. These properties create a mapping between model parameters and the investment opportunity set, and mean-variance efficiency applies.
The main result is that loss aversion must be high compared with estimates found in the experimental literature for individuals to hold plausible portfolios. The allocation to risky assets is infinite for loss aversion parameters lower than about three when the model is calibrated to historical data. This result is robust to several assumptions regarding the investment opportunity set. Moreover, the allocation scheme is similar even when the normality assumption is relaxed and returns are drawn from the set of realized observations. The general conclusion is therefore similar to those found in other asset pricing studies: historical returns are more attractive than can be explained by reasonable model parameters. In addition, the linearity of the indifference curves has the undesirable feature that the allocation decision is highly sensitive to the parameters of the model-especially in the range in which the allocation to stocks is high.
The outline of the paper is as follows. Section 2 describes prospect theory and discusses how it has been applied to portfolio theory in the previous literature. Section 3 derives the model under the assumption of normally distributed returns, and shows how parameters can be inferred from the Sharpe ratio. Section 4 revisits the standard oneperiod portfolio choice problem for investors that have prospect theory preferences. By calibrating the model to historical data, we obtain parameter estimates under various assumptions regarding the investment opportunity set. Section 5 concludes.
2 Prospect theory and portfolio choice Kahneman and Tversky (1979) describe prospect theory with a value function which determines how individuals evaluate outcomes. We can write the value function for a random variable x as
where V α + (x) ≡ max {x, 0} α ,
such that gains (+) and losses (−) are measured from a reference point which here is set to zero, but could differ depending on the context being analyzed. The theory states that the reference point should reflect the correct aspiration level. For instance, if a sure gain is attainable, the individual will regard all outcomes below the certain gain as losses. The parameter λ determines how much the individual dislikes losses. Tversky and Kahneman (1992) find that people on average value losses about twice as high as gains. From experimental data, they infer that average λ is 2.25. They also find that individuals The value function is displayed for three sets of parameter values. There are two cases when the loss-aversion parameter, λ, is 2.25 and the exponent α either takes the value 1 or 0.88 (solid and dashed lines). The third example displays the case when λ is 3.06 and α equals 1 (dotted line).
exhibit risk aversion when faced with gambles defined strictly over gains, and the opposite, i.e. risk seeking, when facing only losses. They find that a curvature parameter α of 0.88 in both gains and losses is a good proxy for this behavior. Figure 1 illustrates the value function for the benchmark parameters explored in this paper. The curvature obtained by setting λ = 2.25 and α = 0.88 is depicted by a dashed line that can be compared with the solid line when α = 1 (the dotted line displays the case in which λ = 3.06 and is a parameter value included for later reference).
Prospect theory has attracted wide interest from economists because it quantifies the observed human behavior found in the experimental laboratory. Among the first to apply prospect theory to portfolio choice problems were Benartzi and Thaler (1995) , who suggested a behavioral explanation to Mehra and Prescott's (1985) "equity premium puzzle."
2 Rather than assuming a consumption based model, Benartzi and Thaler suggest that individuals exhibit myopic loss aversion which is a variant of loss aversion combined with mental accounting (Kahneman and Tversky, 1983) . They show that if stocks are evaluated in the short term (irrespective of actual holding period), they will be less attractive than if evaluated in the long term. The intuition for this result is closely related to time diversification. The probability that the stock investment will yield a loss decays with time (even if the magnitude of losses increases). It is then crucial to determine at which frequency stocks are evaluated by the investor to implement the theory. The authors argue that a one-year evaluation period is reasonable, as people generally file tax returns once a year, and individuals, as well as institutions, scrutinize their investments more carefully at the end of the year. When they calculate prospective utility for an all-bond and all-stock portfolio, they find that when λ = 2.77 and α = 1, the investor is indifferent between these two portfolios. The equity premium over bonds is thus explained by investors' aversion to incurring losses in the short term. Barberis, Huang, and Santos (2001) develop an asset pricing framework where utility is defined directly over changes in wealth as well as consumption. The preference component over wealth is similar to prospect theory, but the value function is linear with the additional feature that previous losses and gains affect the rate of current loss aversion. This house money effect, originally proposed by Thaler and Johnson (1990) , attempts to capture that individuals are found to shift their attitude towards risk depending on prior outcomes. A previous gain acts to cushion subsequent losses, making the investor more tolerant towards risk. A previous loss acts as to increase loss aversion, thereby inducing more conservative risk preferences. The authors show that this model can generate a reasonable risk-free rate together with risky returns that exhibit high mean and volatility as well as predictability from consumption data for reasonable parameter values. A crucial component for these results is not only that investors have preferences over changes in wealth, but that there is time-variation in loss aversion.
Time dependence can also be induced by allowing the reference point to follow dynamic updating rules. Berkelaar, Kouwenberg, and Post (2003) analyze optimal portfolio strategies for loss-averse investors in continuous time where the reference point is adjusted by the stochastic evolution of wealth adjusted by the risk-free rate. They show that there is, in fact, an equivalence between introducing a dynamic updating rule and a shift in the static reference point. Gomes (2003) explores the demand for risky assets with prospect theory preferences in a two-period equilibrium model where the reference point adjusts in a similar manner. He finds theoretical support for the empirical observation of positive correlation between trading volume and stock return volatility. Ang, Bekaert, and Liu (2003) consider the related concept of disappointment aversion developed by Gul (1991) , which is a one-parameter extension of the standard CRRA framework, but in which losses are weighted higher than gains. They find more reasonable parameter values for risk-aversion when investors are averse to losses.
The papers that are most closely related to the work here are applications in which prospect theory preferences are related to mean-variance portfolios. Sharpe (1998) analyzes the selection of mutual funds with respect to asymmetric definition of risk used in the Morningstar mutual fund ratings. The ratings are related to prospect theory since risk is measured by separating positive from negative outcomes.
3 He finds that indifference curves associated with the ratings imply a linear relation in mean-standard deviation space when returns are normally distributed, and this in turn produces a discrete ranking of funds. Levy and Wiener (1998) develop a framework in which stochastic dominance rules are related to optimal portfolios for investors with prospect theory preferences. Levy and Levy (2004) 
Loss aversion and normally distributed returns
The expectation of the value function in equation (1) can be written
which hereafter is referred to as the prospective utility. The expectation in the more extensive form of prospect theory described in Tversky and Kahneman (1992) allows for non-linear transformations of the objective probabilities. This case will not be considered here due to reasons of tractability, but will be discussed with respect to the results obtained. In general, prospective utility in (2) can be stated
where F x is the cumulative density function associated with x. Assume now that x ∼ N (µ, σ) and consider the case when α = 1. As Figure 1 illustrates, α = 1 means that the value function is two-piece linear, so we name this case pure loss aversion.
We can identify the prospective utility in (3) as a combination of a lower and upper censored normal distribution. Let s ≡ µ/σ. Standard results from statistics allow us to write EV
where Ω + ≡ φ(−s)/Φ(s) and Ω − ≡ −φ(−s)/Φ(−s), commonly known as the inverse Mills ratio, and where φ and Φ denote the standard normal probability density function and cumulative distribution function. Therefore, (3) can be written
By inspection, we see that the expectation of the value function has three arguments: the loss-aversion parameter λ, the mean µ, and the standard deviation σ. When α = λ = 1, equation (4) reduces to µ. This is rather trivial, since we take the expectation of a normally distributed random variable, but have arranged it in two parts. In other words, an individual with parameters α = λ = 1 is risk-neutral.
To prove that all portfolios chosen under pure loss aversion are mean-variance efficient, it is sufficient to show that the derivative of the value function for the mean is strictly positive, and the derivative with respect to the standard deviation is strictly negative. The derivative with respect to the mean is
which is strictly positive and increasing in the loss-aversion parameter λ. Again, we see that the derivative is one when λ = 1. We also note that the same holds when σ → 0, and therefore s → ∞, irrespective of λ. The intuition is that if there is no risk of a loss, the prospective value is just a positive constant, µ. The derivative with respect to the standard deviation is
which is strictly negative for λ greater than one. 4 The derivative approaches the constant
as variance goes to infinity. A higher value of λ therefore suggests a higher sensitivity to prospective utility in both cases. Mean-variance efficiency follows directly from the properties of the derivatives as long as λ > 1, because the normal distribution is completely characterized by its two first moments. 
Solutions to the parameter for loss aversion
The key results of this paper build on the characteristics of the indifference curves in mean-standard deviation space. In order to do so, we fix prospective utility to some constant V in equation (2) and solve for the loss-aversion parameter λ to obtain
In the general case, λ is a function of the level of utility V , the concavity/convexity parameter α, and the first two moments of the normal distribution. Even if we hold V and α fixed, it is not easy to characterize a solution to an indifference curve by inspection of equation (5).
Let us therefore begin by making a simplifying assumption in which prospective value is zero. The economic meaning is that we are now measuring the certainty equivalent for all pairs of means and standard deviations that are worth zero for the loss-averse individual. We see that the second term of equation (5) drops out of the expression, such that we can write the parameter for loss aversion as
which is in fact only a function of the mean-standard deviation ratio s. This is not clear in equation (6), but as we can standardize the normal distribution by substituting
such that dx = σdy, we can rewrite equation (6) as
where the last equality is obtained by multiplying σ −α in both the numerator and denominator. This proves that prospective utility-for fixed parameters-is only a function of s when it is zero, and means that the solution to λ α 0 (s) is given by a ray in mean-standard deviation space. We could do some preliminary comparative statics immediately. A decrease in λ α 0 (s) is obtained either by a lower s, or a lower parameter value for α. The intuition for the first case is straightforward, because a lower mean or higher standard deviation makes a gamble less attractive. An investor must be less loss averse to be indifferent to such a change. The result for α relies on the assumption that the distribution mean is greater than the value of the reference point. As can be seen in Figure 1 , an α below one means that a given loss and gain is weighted less. But when the mean is greater than zero, positive outcomes are more likely. This means that a lower α makes a given distribution less attractive. A lower α must therefore be offset by a lower λ in order to keep the individual indifferent to the change.
It is straightforward to recover the λ α 0 (s) associated with a particular ray in meanstandard deviation space. As we have an exact correspondence, we can solve equation (7) by numerical integration for any given s.
In the special case in which α = 1, we can rewrite equation (7) in terms of previously defined distribution density function
which is commonly referred to as the gain-loss ratio. The gain-loss ratio is considered in Bernardo and Ledoit (2000) and related to their approach to asset pricing in incomplete markets. They show that limits to the gain-loss ratio put restrictions on the maximum to minimum values of the pricing kernel, which in turn provide bounds on asset prices. A high gain-loss ratio implies loose bounds and in the limit, as the gain-loss ratio approaches infinity, we obtain the arbitrage-free bounds.
Here, we see that we can think of the gain-loss ratio in terms of how loss averse an individual can be and still be indifferent between a normal distributed gamble and the status quo of zero prospective utility. Equation (8) An arbitrage opportunity arises when the expected loss is zero and the expected gain is positive. The parameter for loss-aversion, λ, is then infinite so the interpretation is that one would have to be infinitely loss averse not to take an arbitrage opportunity within this setting. When λ = 1, expected gains equals expected losses, which is the intuition for risk neutrality.
The case in which V is different from zero is more difficult to generalize. We can, however, characterize the slope of an indifference curve associated with infinite standard deviation. This case is important, because it means that we could retrieve the parameters associated with the asymptote of an indifference curve in mean-standard deviation space. With this objective, it is sufficient to prove that the second term in (5) becomes infinitely small as σ goes to infinity, while holding s constant. But this was, in fact, already done in equation (7), because the denominator can be written
Since it is assumed that α ∈ (0, 1] we see that lim σ→∞ EV α − = ∞ for any fixed ratio s and it will grow faster as α approaches one. As the second ratio of equation (5) goes to zero, we have the result that an indifference curve for fixed model parameters at any level of prospective utility will converge to the same slope, namely the one determined by the gain-loss ratio.
We have then obtained two special cases when indifference curves are linear and determined by the Sharpe ratio: when prospective utility is zero, and as standard deviation goes to infinity. For the intermediate cases, we need to rely on a numerical method. These cases are important, because we want to ensure that solutions are unique as well.
Indifference curves
An indifference curve can be obtained by finding the σ that solves equation (3) implicitly for a constant level of prospective value V , a pair of fixed model parameters λ and α, and a given µ. Repeating this exercise for different values of µ, we can trace out a curve in mean-standard deviation space. To solve this problem, a numerical method is applied in which the difference between the prospective value and the constant is minimized.
Figures 2A and 2B plot four indifference curves along with their derivatives when prospective value V is 0, 2, 4 and 6, while keeping loss-aversion, λ, fixed at our benchmark value of 2.25.
The exact linearity does not hold in general for arbitrary values of V , but the numerical derivatives of Figure 2B suggest that the slopes of the indifference curves converge relatively fast as standard deviation increases. More importantly, they are convex, which guarantees that there is an unique mapping between an indifference curve and any allocation along a straight line in mean-standard deviation space. We have already noted in equation (4) Figures 2C and 2D plots indifference curves when α = 0.88. When V = 0, the curve is exactly linear but somewhat steeper than when α = 1 (dashed line), which confirms the previous comparative statics. When V > 0, the numerical derivatives in Figure 2D reveal not only that convergence is slower when α < 1, but that there is an inflection point. Hence, there could be two portfolios along a straight line in this space that yield the same level of prospective utility, such that the solution is not unique. The intuition for this result is that we are considering an investor who displays an element of risk-seeking in the domain of losses. An increase in the standard deviation increases the probability of a loss. The first-order effect of this is negative because losses are weighted higher than gains through the parameter λ. The second-order effect is positive because both marginal gains and losses are weighted less when α < 1. The inflection point is potentially problematic for finding unique solutions to model parameters. In the results that follow, we will only rely on the asymptotic characterization, meaning that the indifference curves converge to the same slope as when V = 0 for any model parameters. This could only be done as long as we can rule out other solutions along that particular indifference curve.
Calibrating the model to return data
The objective now is to take the derived features of prospect theory to data. Table 1 summarizes the moments for three asset classes that are used for the analysis: Cash, Bonds and Stocks. These assets correspond to the 30-day U.S. Treasury Bill, a long-term U.S. government bond, and the S&P 500 stock index. We consider both real and nominal, as well as annual and monthly returns in what follows. These data, which cover the pe- The first case we analyze is when Cash is riskless, and there is only one risky asset. It is shown that this assumption implies a binary choice of risky assets, such that we can derive pairs of parameters λ and α, that correspond to a point of indifference. This is not true in the general case when there exists a universe of risky assets, because the investment opportunity set is then concave. The following subsections reveal which parameters can be associated with different assumptions regarding admissible assets.
One risky asset: the equity premium
The linearity directly delivers an understanding of why portfolio optimization within the prospect theory framework is sensitive to its specification.
7 Figure 2A provides a graphical tool for an intuitive means of thinking about this problem in the case of one risky asset. More formal proof of the set of attainable portfolio weights under the same assumption is found in Ang, Bekaert, and Liu (2003) and also Levy, De Giorgi, and Hens (2003) . Assume that the investor derives positive value only for outcomes over and above the risk-free interest rate, and that assets are evaluated on an annual basis. This can be thought of as the vertical axis at the origin of Figure 1 is set to the yearly T-bill rate, rather than zero. Further, the investment opportunity set is the yearly equity premium with Sharpe ratio denoted s. The loss-averse investor is therefore restricted to holding Cash, from which she will derive zero utility, or invest into Stocks, which is associated with risky prospective utility. This portfolio allocation problem can be stated The label "Cash" refers to the U.S. 30-day Treasury Bill, a long-term U.S. government bond index is labelled "Bonds" and "Stocks" is the S&P 500 stock return. Real returns have been geometrically inflation-adjusted. There are 76 annual and 912 monthly observations in the sample. Bera-Jarque is a joint test of skewness and kurtosis under the null of normality. The rejection probability is reported for each asset individually as well as for a portfolio consisting of 50% of the labelled asset and 25% in each of the other two. Data from Ibbotson Associates. Rejection levels from a double sided t-test for skewness and excess kurtosis equal to zero at the 10%, 5%, and 1% level are marked (*), (**), and (***).
Cash
where w is the weight and the equity premium is denoted EQP and refers to the first two moments of the yearly return for Stocks, subtracted with the yearly return on Cash displayed in Table 1 . According to these data, the annual Sharpe ratio for real stock returns during the period 1926 to 2001 was 0.42.
The set of solutions to this allocation problem is almost trivial when exploring indifference curves in Figure 2A along with the dashed, implied Capital Allocation Line (CAL). Consider the portfolio allocation of roughly 70% stocks that is denoted point (c). An investor who weights losses at 2.25, as in this case, will derive a utility of 2 for this portfolio. But this is not the maximum utility attainable. In fact, if this investor could borrow, there would be no limit to the weight she would like to put into equities. Conversely, if the indifference curves were steeper than the CAL-when loss aversion is sufficiently high-the investor would always choose a zero allocation.
8
When the inverse of (6), s(h −1 (λ α 0 )) = s EQP , the indifference curve and the CAL are parallel, such that the loss-averse investor is indifferent to holding Cash and Stocks. There is no need to derive this complicated inverse, because we can simply plug in s EQP in (6) and obtain λ 
It is easy to generalize the mapping between model parameters and the Sharpe ratio by using the point of indifference implied by the solution in (10). Figure 3A plots which Sharpe ratio is associated with zero prospective utility. The regions labelled "Reject" and "Accept" mark the areas where this investor derives negative and positive utility, thereby finding it less or more preferable to the risk-free alternative.
Let us again consider the benchmark case when λ = 2.25 and α = 0.88 together with a Sharpe ratio of 0.42. Figure 3A shows that the point implied by this parameter constellation is situated quite far in the acceptance region. The empirical Sharpe ratio is fairly in line with Benartzi and Thaler (1995) , who report that a value for λ of 2.77 when α = 1 yields about the same prospective utility for stocks as bonds evaluated by realized, yearly returns. We can conclude that the stock market is quite a favorable gamble for most loss averse investors, conditional on the parameters given by Kahneman and Tversky.
Alternatively, we may interpret the results as suggesting that the expected equity premium is lower than what has been realized during the period. If we calculate the equity The mapping between model parameters and the Sharpe ratio when prospective utility is zero is plotted in two ways. The direct relation between λ α 0 is plotted in Figure 3A , and the indirect relation obtained by the implied Sharpe ratio for different time periods is plotted in Figure 3B . The solid line labelled "Realized" in Figure 3B is obtained by drawing from the set of realized monthly returns for different period lengths, as opposed to assumed independent returns. The regions "Accept" and "Reject" in both graphs mark the areas in which prospective is positive and negative, under and above the lines that indicate the points of indifference. Figure 3A : Sharpe ratios Figure 3B : Time periods premium consistent with λ = 2.25 and α = 0.88 we obtain around 6.7% rather than the 8.6% measured historically. Whichever way one looks at the problem, a reasonably loss averse individual has been more than compensated for the risk she has been exposed to in the stock market given these assumptions.
Myopic loss aversion
The derived relation between loss aversion and Sharpe ratios directly demonstrates the willingness of time diversification, or myopic loss aversion. The scale independence holds between mean and variance, but not standard deviation. The Sharpe ratio rises when several periods of returns are aggregated. It is important here to stress that "time" in our analysis should be interpreted as an evaluation period rather than an actual holding period as pointed out by Benartzi and Thaler (1995) . The theory at hand suggests that even a long-term investor could be exposed to narrow framing, such that the portfolio is evaluated frequently. A short evaluation period therefore makes this investor sensitive to short-term losses, given by the associated lower Sharpe ratio. If we ignore compounding, the Sharpe ratio s can be scaled with a constant T such that
This relation would naturally hold exactly if we assumed continuously compounded returns. However, our investor is assumed to derive utility over simple returns, rather than the logarithm of returns. Therefore, we keep this convention in what follows. 9 To investigate the effect of assuming different time horizons for evaluation, Figure  3B plots the loss aversion parameter that is associated with zero prospective utilitysimilarly to Figure 3A . The solid line traces out the points of indifference for λ when α = 1 when actual t-period returns are drawn from the sample of monthly returns. When one-month and twelve-month evaluation periods are considered, the Sharpe ratio is given exactly by the mean and standard deviation in panel C and A of Table 1 . Therefore, an evaluation period of one year corresponds to λ = 2.89, which was the value found in Figure 3A . Figure 3B plots this relation for time periods up to 36 months. As we are drawing from the set of realized monthly returns, this methodology allows for mean-reversion. More precisely, if variances grow disproportionately slower than the mean when we increase the evaluation period, we will account for negative serial correlation. The Sharpe ratio is then higher in the presence of mean-reversion than independent returns, which in turn implies a larger acceptance region for λ α 0 . As a benchmark, the dashed line in Figure 3B traces out the same relation when returns are assumed to be independent. We see that there is little difference between the solid and dashed lines when we consider time horizons up to one year. However, as the time horizon increases, the solid line showing actual returns is steeper. This is in line with the evidence suggesting some negative serial correlation in the sample for return horizons of over one year.
The solid and dashed lines show that the driving force behind the increasing demand for stocks is not due to mean-reversion, because the positive relation remains. 10 Rather, it is the decreasing probability of a loss that gives this result through a rising Sharpe ratio. Yet, we should be a bit careful in making direct comparisons with traditional models of portfolio choice. Here, we are following a descriptive approach where we look at the impact of narrow framing, rather than determining the allocation for an actual investment horizon. The value of α plays a minor role for allocation when the evaluation period is short. Again, it is the parameter for loss aversion that is most important for the results. For a one-month evaluation period, an individual must weight losses to gains by a ratio equal to or below 1.3 in order to find the stock market alternative more attractive. This is close to being risk-neutral. The evaluation period associated with our benchmark parameters, λ = 2.25 and α = 0.88, is seven months. As the evaluation period increases, an individ-9 There is a subtle but important difference here. If a one-period simple return is normally distributed, a two-period return is not. This is because only sums of normals, not products, are themselves normally distributed. It is also a fact that returns are bounded at -100%, which can make inferences suspect when approximating returns with normal distributions. All results regarding the Sharpe ratios and limits of parameters also apply for the case of continuously compounded returns.
10 It is well known that mean reversion produces an increase in the demand for risky assets even for power utility functions. See, for instance, Campbell and Viceira (2002) . ual must be extremely loss averse to be indifferent to a zero-bet and the stock marketespecially if she believes that stock returns mean-revert.
The evaluation period itself is therefore at least as important for the allocation decision as loss aversion, and it is impossible to analyze the two independently without either fixing the evaluation period or restricting the value of λ α . But this is possible in experiments. Gneezy and Potters (1997) find that individuals are more likely to accept gambles that are presented as packages of repeated lotteries of the same kind, rather than as isolated gambles. Thaler, Tversky, Kahneman, and Schwartz (1997) study the effects of myopia when allocating between stocks and bonds. The hypothesis is that individuals who evaluate gambles between a stock and a bond fund-and have to commit themselves for several periods-allocate a higher share to the more risky stock fund. The authors argue that the experiment broadly confirms that a reasonable evaluation period is twelve months on average. Therefore, annual returns will be assumed in the subsequent analysis. 
Portfolio analysis
By assuming normally distributed asset returns, standard mean-variance analysis applies, and we can make use of many well-known results from efficient set mathematics. In particular, we can recover the weights for any portfolio along the mean-variance frontier. This is promising, since we have discovered an exact mapping between the Sharpe ratio and the parameters of the model in two cases: when prospective utility is zero, and at the asymptote of the indifference curve. Although the asymptote of the efficient set for most purposes is fairly uninteresting, it will, in this setting, provide a lower bound on the estimate for our model parameters. This is so for the same reason as in the one risky asset case, namely that too low a level of loss aversion implies unbounded portfolios, and this is a feature that we want to avoid.
We can exploit the revealed facts about investor preferences and apply them to portfolio investments, following Ingersoll (1987) . Let z be a vector of sample means with corresponding covariance matrix Σ. We can express the maximum Sharpe ratio of the efficient set as Z =σ
where Z andσ are the portfolio mean and standard deviation. The weight vector for this portfolio is w = Σ −1 z/1 Σ −1 z. Hence, the slope in mean-standard deviation space associated with (12) is √ C, and we can directly solve for a unique λ α 0 .
11 The mean allocation to stocks was roughly 40-45% when returns were evaluated on a six week basis in this experiment. In the yearly condition, the mean allocation to stocks rose to 70%. Furthermore, it can be shown that the asymptote of the efficient set follows
where B ≡ 1 Σ −1 z, A ≡ 1 Σ −1 1, 1 is the unit vector and D ≡ AC − B 2 . The slope of the asymptote is (D/A). Per definition, the indifference curve tangent to this slope has no finite solution with respect to the weights.
Real returns
Let us first consider the case when there are three risky assets: Stocks, Bonds and Cash from which we use annual real returns as specified in panel A of Table 1 . Cash is often regarded a safe asset, but we may think of it here as risky, due to inflation uncertainty. Figure 4A plots the mean-variance frontier associated with these data. The slope of the maximum Sharpe ratio, √ C, is 0.492 and marked by the point (d) in Figure 4A . We can immediately identify this point lying along the indifference curve associated with zero prospective utility, and we obtain λ 1 0 (0.492) = 3.45. This portfolio consists of 44% Cash, 17% Bonds and 39% Stocks-a quite conservative allocation in line with the relatively high rate of loss aversion. The benefit of the methodology here becomes clear when we note that we will optimize by choosing exactly the same portfolio for parameters λ 0.88 0 (0.492) = 3.30 and λ 0.7 0 (0.492) = 3.07. Again, we see that there must be a significant change in α in order to lower the required rate of loss aversion. The indifference curve associated with these pairs of parameters is indicated by a dotted line that is exactly tangent to point (d) in Figure 4A .
Point (d) is interesting for another reason. It is the point at which expected weighted losses and gains are exactly equal. We can draw a direct conclusion that any portfolio left of point (d) on the frontier in Figure 4A is associated with negative prospective utility. The only way to obtain such a portfolio on the frontier is by increasing the slope of the indifference curve, and hence λ. Such an indifference curve must inevitably have a negative intercept, and therefore be associated with negative utility. This may seem counter-intuitive, as we move into a region of safer assets in the traditional framework. It is, however, a property of the model. The Stock investment is attractive, and the only way a conservative portfolio is held is if loss aversion is high. Another way of grasping the same intuition is to note that the probability of a loss decreases, so it must be more heavily weighted than gains as we move down the frontier.
This argument can be taken to the extreme. From mean-variance analysis, we can obtain the minimum variance portfolio, indicated by the dash-dotted line. At this point, λ approaches infinity, and prospective value minus infinity. The intuition is that, locally, there is no trade-off between standard deviation and mean, just a change in the mean. The mean-variance frontiers are obtained from data in Table 1 when all three assets-Cash, Bonds and Stocks-are risky. Real returns are plotted in Figure 4A , and nominal returns in Figure 4B . The dashed line plots the asymptote of the efficient set and the dotted line where prospective utility is zero. Loss aversion is infinite at the minimum-variance portfolio as indicated by the dash-dotted line. The indicated values for λ associated with the slopes assume that α = 1. Under such circumstances, one must be infinitely loss averse not to accept a marginal increase in the mean. The asymptote of the boundary of the efficient set is calculated to 0.444, and traced out by the dashed line in Figure 4A . This point will be associated with the maximum, bounded prospective utility attainable, because the investor could not be better off and still own a portfolio with finite weights. By noting this fact, we label the parameter value associated with the asymptote V max and find that λ 1 V max = 3.06. When α is set to the value of 0.88, we obtain λ 0.88 V max = 2.94; when α = 0.7 the parameter drops to λ 0.7 V max = 2.75. The indifference curves associated with the asymptote for the cases considered do not intersect the frontier. This is important, because we would otherwise mistakenly obtain a parameter value that is associated with another feasible portfolio.
Nominal returns
Some authors, including Benartzi and Thaler (1995) , argue that nominal rather than real returns should be used in describing investor behavior. The reason for this is that individuals exhibit money illusion and that everyday return data are reported in nominal rather than real terms. Cash could also be risky in nominal terms in this case, because the investor derives utility from inflation, which is uncertain. A descriptive approach must acknowledge these potentially important deviations from traditional investment analysis.
The distribution for nominal returns can be found in panel B of Table 1 . We see that when inflation is added, Cash-not Stocks-is the asset with the highest Sharpe ratio.
Nominal returns also have a slightly different covariance structure, which in turn will alter the investment opportunity set. In what follows, we will explore how these alterations affect the previous conclusions.
The higher Sharpe ratio is indicated by the indifference curve tangent to point (d) in Figure 4B . This exactly captures the intuition that the probability of a loss in nominal terms is more unlikely than in real terms. A loss averse individual caring about nominal losses would be much more inclined to take on more risk in the traditional meaning for given parameters. In fact, the slope suggests that an individual can weight losses to gains in the neighborhood of 40:1 and still derive positive utility from choosing a portfolio among the available assets.
We could adjust this estimate for α as we did earlier and find that λ It consists of 88% Cash, 5% Bonds and 7% Stocks, making it a much more conservative portfolio than that defined over real returns. Therefore, we see that an upward shift of the mean of the distribution will inevitably alter the allocation for given parameters. On the other hand, if we are concerned about the relatively high rate of loss aversion that constitutes its lower bound, it is the asymptote of the efficient set that is of interest. Figure  4B shows that the slope of the asymptote is virtually unchanged for nominal returns, and therefore we would still be unable to find a finite portfolio for λ 1 V max below 3.06. Therefore, the earlier conclusion also holds for alternative values of α-the limiting parameters are virtually unchanged for nominal compared to real returns.
No correlation
Experimental evidence offered by Kroll, Levy, and Rapoport (1988) show that individuals pay little or no attention to the correlation between assets. Benartzi and Thaler (2001) find that investors follow the 1/n-strategy-naively splitting their investments in equal proportions over investment alternatives. Even though such a strategy is somewhat at odds with the utility approach here, it may suggest that correlation considerations are of secondary importance to the allocation decision.
We can easily simulate the case when asset returns are regarded as being independent. When all elements but the diagonal of the variance-covariance matrix are zero, we have taken away all correlation. Hence, it is only the individual assets' mean and variance that can determine the allocation decision. Repeating the analysis above for nominal returns and zero correlation in Figure 5A , we actually obtain somewhat higher parameter values: λ 1 V max = 3.18 and λ 0.88 V max = 3.04. Therefore, the parameters associated with the opportunity set considered here are not sensitive to assumptions regarding covariance. 
Two risky assets: Bonds and Stocks
In Figure 5B we assume that Cash is risk-free, and the investor derives prospective utility for returns in excess of the risk-free rate (i.e. the bond and stock premium). Here, we obtain λ 1 V max = 2.31 and at the point where prospective utility is zero we have λ 1 0 = 3.06. Even if the investor here need not to be as loss averse to have a finite portfolio as in the three assets case, there may be another source of concern. Since holding Cash gives zero prospective utility, it is difficult to argue that the investor would optimize by choosing any other mixture of Bonds and Stocks than those given between point (d) and the asymptote of the frontier. Points on the frontier below (d) are all associated with negative prospective utility, and are thus clearly inferior to holding Cash. Under these assumptions, an investor with loss aversion higher than 3.06 holds only Cash; at this point she switches to a roughly 40%/60% composition of a Bond/Stock portfolio, and successively weights Stocks higher as loss aversion is lowered further. Canner, Mankiw, and Weil (1997) find an asset allocation puzzle, in which common portfolio advice cannot be rationalized with portfolio weights obtained from traditional portfolio theory. The advice is to have a lower weight in bonds relative to stocks as the weight to stocks increases, but standard theoretical models imply constant or increasing relative weight for bonds. 12 The results obtained here could partly describe this type of advice, but not all. Most importantly, common investment advice also recommends that some Cash is held throughout different levels of risk. We could not explain portfolios consist-ing of all three assets nor portfolios consisting mainly of Bonds using prospect theory under this set of assumptions. The allocations using prospect theory when Stocks and Bonds are risky and Cash risk less could describe why stock market participation is low, but another potential drawback is the sensitivity to model parameters. We would only observe different portfolio compositions for a very narrow parameter range of λ 1 0 . Figure 5B shows that this range is between 2.31 and 3.06.
Skewness and Kurtosis
Realized stock returns may not be well described by a normal distribution. This will matter if investors have preferences over higher moments, and more specifically, over skewness and kurtosis. As can be seen in Table 1 , the null of normality for all asset returns can be rejected when measured on a monthly basis, but the evidence is not as clear for the yearly frequency.
13 Before going into detail on what the distributions here imply for the portfolio decision at hand, let us see if we can understand in what way skewness and kurtosis could matter. Skewness explains the asymmetry of a distribution. Positive skewness implies that large negative outcomes become more unlikely, while the reverse is true for positive outcomes. In principle, preferences over skewness may be applicable to a much wider family of utility functions than the one considered here. In particular, Harvey and Siddique (2000) formally incorporate co-skewness in an asset pricing model and show that investors indeed command a higher risk premium on average compared when only mean, variances and covariances matter. The intuition for why skewness matters in the case of pure loss aversion is clear. When losses are weighted higher than gains, investors like skewness since extreme losses are less likely than extreme gains. But when there is riskseeking in the domain of losses, it is no longer as easy to generalize this result.
A measure of excess kurtosis above zero means that the distribution is leptokurtic-or has fatter tails than that of a normal distribution. Intuitively, kurtosis should be disliked by loss averse investors for the same reason as above. Pure loss aversion will always punish investments that increase the probability of a loss.
The negative skewness of yearly stock returns in Table 1 therefore indicates that Stocks should be less attractive than Bonds. At the same time, Stocks have less excess kurtosis than Bonds and Cash, and it is not easy to arrive at any definite conclusion on how the loss averse investor ranks the investments.
We could continue to use the same framework even if assets are not normally distributed. In fact, we could replicate a very wide range of distributions as mixtures of 
normally distributed returns
Portfolio weights for Cash, Bonds and Stocks are recovered by a numerical optimization procedure for two cases. The dotted lines trace out the portfolio weight in Cash when drawing 1,000,000 returns from a multi-variate normal distribution corresponding to that of the means and covariance matrix of the data in Panel A of Table 1 . The solid line plots the weight when drawing returns in triplets from the realized distribution of Cash, Bonds and Stocks. The difference between Figure 6A and 6B is that α is either 1 or 0.88. Figure 6A : Cash weight, α = 1.00 Figure 6B : Cash weight, α = 0.88 different normal distributions. 14 Therefore, if we knew which mixture of normal distributions results in the distribution for an asset, we would be able to calculate utility. Unfortunately, this is no easy task, and even if we were able to calculate prospective utility, it is not obvious which way to quantify the results. Instead, a numerical method is applied (details are given in Appendix B). We can search for the weights that optimize the realized returns and compare them with the portfolios obtained by assuming normality. There are only 76 realized yearly returns-and as an example-only 24 of them were years in which Stocks yielded a loss. 15 It is therefore more difficult to get precise estimates of the weights when we vary the parameter for loss aversion, than when we draw 1,000,000 returns in the normal case. However, it certainly gives us a good indication of how serious a crime we have committed by following the normal assumption. Figure 6A and 6B plot the weights to Cash under the assumption of normality along with the corresponding weights when realized returns are used. The general shape of the dotted and dashed lines confirms the rather extreme sensitivity in the region of lower λ's where leverage is high. From a descriptive viewpoint, the parameter for loss aversion must be contained within quite a narrow range over the population for us to observe a wide spectrum of portfolio holdings where people choose 14 Equation (2) can be expressed simply as a weighted average of the prospective utility measured over a set of (individually) normally distributed gambles
where ρ i is the weight for each of the N normal distributions. 15 To preserve the covariance structure, the realized returns are drawn in triplets.
portfolios other than the most extreme. The lowest value for which the numerical algorithm converged for α = 1 was 3.03 in the case when realized real returns were used, as opposed to 3.08 when they were drawn from a normal distribution. Similarly, in Figure 6B -when α = 0.88-the parameters are 2.94 compared to 2.95. 16 These similar results are likely due to the fact that it is much harder to reject normality for portfolios than for individual assets. The Bera-Jarque test for portfolios in Table 1 tests normality for portfolios consisting of 50% of the labelled asset and an equal proportion of 25% in the remaining two. Normality can not be rejected for any of the portfolios in the case of yearly returns. The discreteness of using realized returns is apparent along the solid line connecting the point estimates for the Cash weights. Even if there certainly are differences in allocation to Cash in this region, they are within a narrow parameter range where leverage is high. The general shape of the allocation scheme does not imply that the normality assumption is too restrictive.
Summary of results
In summary, we have studied portfolio allocation under five sets of assumptions. In four instances, the investment opportunity set varied, but returns were assumed to be normally distributed. In the last instance, the normality assumption were relaxed. The associated parameter limits for the asymptote of the investment opportunity set and values when prospective utility is zero are presented in Table 2 . The limit of λ is around 3 when α = 1 for all scenarios when all three assets span the frontier. This is a considerably higher value than previously proposed in the experimental literature, as illustrated by the dotted line in Figure 1 . Weak non-linearity, introduced by reasonable values of α, does not change this conclusion in any significant way. It is also worth emphasizing here that we have derived parameters for the asymptote. These portfolios are infinitely leveraged and are therefore only of theoretical interest. To obtain reasonable portfolios, we must either have even higher loss aversion or greater curvature (lower α). It is also clear that the curvature of the value function must be rather extreme to make any significant difference in the portfolios held. The case in which Bonds and Stocks are evaluated separately from Cash can explain low stock market participation, but also suffers from a discrete allocation feature. A loss averse investor will switch to a mixture of Bonds and Stocks, but will never hold a portfolio consisting of Bonds and Cash.
Due to the model's close relation to the Sharpe ratio, there is duality in the results with respect to the frequency for which the assets are evaluated. A shorter evaluation period between last positive and first negative value of prospected utility when moving over the grid of optimal λ.
*) The parameters reported are the lowest for which convergence was achieved. **) Parameters are averaged makes a risky portfolio less attractive for a loss averse investor. This means that any given set of parameters could pin down a specific solution if the evaluation period can be determined freely. A shorter evaluation period will make the asymptotic parameters of Table 2 lower, but not change the general discovery that some bound will exist.
Conclusion
We have found that it generally takes higher levels of loss aversion than proposed in the previous literature to find bounded solutions to asset allocation problems. This result can have several explanations. Individuals may be less loss averse to small-stake gambles than to real-life investments. A common argument is that laboratory payoffs are too small to support any larger-sized generalizations of actual behavior (see, e.g., Campbell and Viceira, 2002, p. 9) . If this is the case, it could well be that actual loss aversion is higher than we have seen in these studies.
17 17 In fact, most of the experiments referred to in Kahneman & Tversky (1979 , 1992 We may also have good reasons to believe that the measured historic equity premium is higher than expected. Fama and French (2002) find that stock returns after 1951 seem to be much higher than indicated by dividend discount models. The simple interpretation is that stock returns yielded surprisingly high returns in the latter half of last century. The reason is that a decline in the discount rate produces large capital gains. If the sample is "contaminated" with capital gains, we are likely to overestimate the expected return on stocks. Fama and French argue that the expected equity premium should be in the range of 2.55% to 4.32% for this time period. The analysis here indicates that only a marginally lower equity premium-around 6.7% compared to 8.6%-is consistent with the benchmark parameters suggested by Kahneman and Tversky. Dynamic applications, such as those by, for instance, Barberis, Huang, and Santos (2001) , and Gomes (2003) , are able to generate parameter estimates that are closer to those of Kahneman and Tversky, due to the additional concavity that is imposed when reference points adjust. It is possible that the static approach considered here is less suited for describing actual investor behavior. On the other hand, dynamic models are complicated and difficult to solve analytically even for two assets, and it is not always clear whether they deliver insights that are not captured by a static model. 18 The theoretical results presented here may provide useful tools for solving allocation problems in the case of a much broader universe of assets. Investors in this model are rational, meaning that they assess the correct objective probabilities of outcomes. Based on experimental evidence, Tversky and Kahneman (1992) consider the case in which objective probabilities are transformed when judging the likelihood of events, where extreme outcomes are considered more likely than the actual frequency at which they occur. These transformations have the potential power to explain many observed behavioral anomalies, such as why risk-averse individuals buy lottery tickets with very low expected value. Essentially, transforming the probabilities means that the distribution from which returns are evaluated is not normally distributed, and is therefore not considered in this paper. But Levy and Levy (2004) show that even this case is equivalent to mean-variance optimization for a large segment of the efficient set. Therefore, parameters associated with a certain portfolio may change, but there is less concern that the solutions are not optimal in a mean-variance context.
The discussion above assumes that prospect theory is a relevant description of individual behavior, but this has been contested. Levy and Levy (2002) find that when experimental subjects are faced with mixed bets, i.e., when outcomes are not restricted to the positive or the negative domain, there is much less support for the general S-shaped payoffs.
18 Berkelaar, Kouwenberg, and Post (2003) show that there is a link between a static and dynamic reference point when prospective utility is defined over final wealth.
value function as depicted in Figure 1 . This implies that prospect theory, although useful in explaining some contexts of observed behavior, may not be well suited for arbitrary generalizations.
One advantage of prospect theory is that it translates into more conventional assessments of preferences. Perhaps it could be useful in communicating risk in a more intuitive way. We have found that if the pain of a loss is less than three times the pleasure of a gain, you should not be reluctant to invest in stocks. For most people, this provides far more intuition than most standard measures of risk.
Figure 7: Derivatives of the value function
In Figure 7A , the mean is held fixed at 10% while standard deviation is varied from 1% to 40%. In Figure 7B , the standard deviation is held constant at 20% while varying the mean in the same interval. 
given the parameters λ and α, where w is a vector of weights, and 1 is the unit vector. The portfolio return Z n is partitioned into gains
and losses V α − (Z n ) ≡ max{−w R n , 0} α .
Here, R n is either the n yearly return observations in sample, or n draws from a multivariate normal distribution with means and covariance matrix from panel A in Table 1 . In the latter case, the method inevitably involves choosing an n that is large enough to provide a high degree of accuracy in the parameter estimates for w. The obvious tradeoff is a slower convergence of the optimization routine. There are 1,000,000 draws which should provide sufficient precision in the point estimates, although this is not formally investigated. Barberis (2000) also uses 1,000,000 draws and argues that his model provides fairly stable estimates above 100,000 draws. The similar estimates between the numerical and theoretical parameter values obtained in the results here confirm this claim.
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